Abstract-Erbium-doped and parametric fiber-optic amplifiers can be modeled as a cascade of "amplifying" beamsplitters, each representing a short fiber section in which the pump is approximately constant. Each beamsplitter obeys simple noise combination relations and its gain is calculated from the standard rate equations. The proposed model allows for the management of pump depletion in a very simple way by numerical analysis, avoiding direct quantum mechanical calculations. Sample noise propagation diagrams are reported for technically significant values of the parameters. For the four-wave-mixing amplifier, it has been found that the 3-dB noise limit can be reached even for a strong gain compression.
I. INTRODUCTION
E RBIUM-DOPED fiber amplifiers (EDFA's) and other active fiber amplifiers are extensively used in optical communications because of their compatibility with the fiber network, as well as for their performances of low insertion loss, low crosstalk, high gain, low noise figure, and large bandwidth.
Parametric amplifiers, based on nonlinear effects in optical fibers, are presently at an earlier development stage, but much work has been reported in literature, as this approach seems attractive for future applications. One of the most promising configurations for technical development is the four-wavemixing amplifier (FWMA) used as a phase-insensitive device, i.e., when direct detection is performed at the output.
Noise propagation has been studied for both amplifiers, obtaining results in closed form under the assumptions of undepleted classical pump and monomode propagation. A close analogy has been found between the ultimate noise performance of the EDFA, limited by the spontaneous emission, and of the FWMA, limited by the vacuum fluctuations of the idler mode [1] , [2] .
The assumption of undepleted pump regime is suitable for a first-hand evaluation of the amplifier performances; however, gain saturation phenomena and pump depletion cannot be safely neglected, and they play an important role in practical applications. For example, in optical networks, amplifiers are most often designed to work in saturation to implement a selfregulating gain cascade. Unfortunately, a rigorous analysis Manuscript received February 2, 1998; revised May 26, 1998 . This work was supported in part by MURST.
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Publisher Item Identifier S 0018-9197(98) 07187-5. in such a case would require heavy quantum mechanical calculations, leading to results which would not be easy to translate into a semiclassical framework. For this reason, in the following we will present an alternative analysis which is based on photon statistics and provides a simpler way to model the amplifier noise. Our calculations start from the published results for noise propagation with an undepleted pump and apply them to short sections of the amplifier, in which the pump can be considered as constant. It has been shown that both the EDFA and the FWMA are described by a Hamiltonian function which is formally equal to that of a beamsplitter [3] , [4] . As a matter of fact, the EDFA has been modeled in noise calculations as an "amplifying" beamsplitter [5] , i.e., a beamsplitter where the ratio between the output and the input power can be greater than unity, as shown in Fig. 1(a) . In this paper, we have further developed this approach, and we have used the same model also for the FWMA. The unused port "open on the vacuum" [3] in Fig. 1(a) accounts for the amplifier additive noise (due to amplified spontaneous emission (ASE) or idler), and the total output noise can be obtained by a combination of the signal and of the vacuum fluctuations. Thus, the Fano factor of the output signal is related to the Fano factors of the input signal and of the vacuum as follows:
In (1), and are the variance and the mean of the photon number is the gain, and for regular (poissonian) vacuum, as a limit case of poissonian field. Equation (1) is an extension of the relation for a normal beamsplitter [6] , to which it reverts in the special case and holds under the same conditions on the input fields.
For an arbitrary input field and a regular vacuum input field, (1) with correctly gives the well-known result for the noise of a standard amplifier; it is worth noting that in the field theory the term has the physical meaning of the noise power due to spontaneous emission, normalized to the photon energy. For two arbitrary inputs, (1) holds provided that the two inputs are not strongly squeezed or antisqueezed. A rigorous calculation [7] on the fully inverted EDFA amplifier, for a Poissonian input with a number of photons , yields , which is exactly the same result given by (1) with . Moreover, for , a condition under which (1) will be used throughout this paper, (1) can be applied also for both inputs in the vacuum state, i.e., in the case of an amplifier with no (classical) input, since it gives 0018-9197/98$10.00 © 1998 IEEE , while a rigorous calculation [7] would give . In this paper, we have extended the "amplifying" beamsplitter model to the depleted-pump regime by introducing a beamsplitter cascade where each section has an approximately constant pump value.
Besides providing a simple and intuitive representation of the signal and noise propagation in a depleted pump amplifier, the proposed model is suitable to fast numerical simulations. The model has been tested by comparing its predictions to those obtained by different methods, based either on a noise figure combination or on direct calculation. For both the EDFA and the FWMA, we present some diagrams of noise propagation along the fiber which include the saturation region; for the FWMA, where few data are available in literature for noise propagation outside the undepleted pump regime, we also consider the pump power oscillation region.
All numerical simulations reported in this paper have been performed by standard Matlab routines run on a PC.
II. DOPED-FIBER AMPLIFIERS
A standard quantum-mechanical treatment of the EDFA leads to the well-known "rate equations" description [4] , [7] - [10] . Our approach is limited to a monomode signal propagating in a lossless amplifier, in which copropagating pumping is assumed and the excited-state absorption is neglected. For the three-level traveling-wave optical fiber amplifier (such as the EDFA), by considering the balance between absorption and emission for the signal optical power and the absorption of the pump power , the following differential equation set is obtained:
In these expressions, is the coordinate along the fiber, is the ratio of the absorption and emission cross sections for the signal, and are the population densities of the lower and upper laser level, respectively, given by in terms of the signal emission rate and of the pump absorption rate
To be specific, we have assumed a pump wavelength nm, for which the emission cross section . In these equations, is the Planck's constant while are the optical frequencies of the signal and of the pump. Other parameters are defined in Table I .
Introducing the normalized pump power and the normalized signal power , where is the fluorescence lifetime and , are the pump and signal thresholds defined in [8] , [10] , the rate equations can be written as (2) while become
The signal photon number can be obtained as after solving the rate equations. Unfortunately, (2) can be handled analytically only for a constant pump. Thus, since we wish to extend our analysis well into the gain-saturation region, we have calculated pump and signal evolutions along the fiber by numerical integration. The results are reported in Figs. 2 and 3 for typical values of pump and signal power. Again in the case of the undepleted pump, the average signal photon number and its variance , at the output of an EDFA amplifier of overall length , can be calculated analytically, obtaining [1] , [4] , [7] (3) (4) where is the total amplifier gain, is the input photon number, and is the input signal Fano factor ( for radiation with Poisson distribution). Parameter is the spontaneous emission coefficient (5) which represents a noise excess factor taking into account uncompleted inversion [7] , [8] ( for a fully inverted medium, and at transparency). For the sake of clarity, in deriving (3) and (4) we have neglected fiber losses and we have considered a unitary band around the signal carrier. In (4), a specific physical meaning can be attributed to different terms [7] , which can also be collected to put into evidence the expected shotnoise contribution for an input Poissonian signal and full inversion [5] .
The amplification process causes a degradation of the signalto-noise ratio (SNR), which is described by the noise figure where (SNR) and (SNR) are the input and the output SNR, expressed in terms of the photon number by . When , we can derive from (4) the well-known result that the minimum noise figure is dB, the so-called quantum noise limit of the amplifier.
As already observed, (3) suggests that the signal amplification can be represented as a combination of the signal with a supplementary input at an "amplifying" beamsplitter, as shown in Fig. 1(a) . In this model, input , which takes into account noise accumulation, is equal to the input vacuum photon number plus one [1] , i.e., ; namely, for a regular vacuum (corresponding to a fully inverted medium), while for a super-Poissonian vacuum (partially inverted medium). The beamsplitter model also satisfies (4), assuming that signal and vacuum fluctuations are combined as stated by (1) . Now, to take pump depletion into account, we start by applying (3) and (4) to elemental pieces in which the pump can be considered as constant. For each element, the gain can be obtained as the ratio of the output to the input power (6) and for an amplifier section of length at a distance from the input, the expression of the average signal photon number and its variance are thus
In these equations, and the Fano factor is given by . Then, we can calculate the noise figure along the fiber as (9) where . Equation (8) can be integrated numerically on small but finite sections of the fiber, by calculating at each step from (5), (6) , and using for the value obtained at the previous step.
Instead of using (9), an equivalent approach consists in calculating the overall noise figure by cascading the noise figure of each section (between and ) using the classical formula [9] (10) where and is defined at the bottom of the page. Also, the numerical integration of (10) is straightforward. Equations (9) and (10) represent two completely equivalent methods and, as expected, the predicted noise figure evolution along the fiber is the same. This is evident from Fig. 4 , which shows the results of numerical integration in different cases. A brief discussion of these diagrams is postponed to the end of this section. Now we would like to investigate how the beamsplitter model can be extended to account for pump depletion. Following the same approach which has led to (9) and (10), we have described the amplifier as a beamsplitter cascade. Each of these devices represents a section , and in the model of Fig. 1(b) they correspond to the beamsplitters in bold. In numerical calculations using this model, the gain can be derived again from (6), while the signal Fano factor is at the input (Poissonian field) and can be calculated at each following step from (1), which now reads However, the evolution of must also be taken into account. This parameter is expected to increase as the pump is attenuated and the medium inversion reduces. We have modeled the growth on its turn as an amplification, i.e., a combination of the value of the previous section with vacuum. Thus, the additional splitters (dotted lines) have been added to Fig. 1(b) . The noise gain and Fano factor are calculated as and the input noise at each section is equal to the output noise at the previous section. From the complete model of Fig. 1(b) , we can obtain the noise figure at each step as
We have tested numerically the model of Fig. 2(b) , and indeed we have found results in agreement with those directly obtained from (9) or (10), as it is shown in Fig. 4 , and with previously published data [11] - [17] .
An important feature of the beam splitter cascade model is that it provides an effective way to predict noise propagation inside the pump-depletion region, covering all situations of practical interest. This can be appreciated from Figs. 2-4. Figs. 2 and 3 describe amplifiers at different levels of pump attenuation; for example, in Fig. 3 (dotted line), power is attenuated by more than 30 dB after propagation, falling well under the signal power. The corresponding noise figure diagrams are shown in Fig. 4 . It can be noticed that the noise figure reaches a value of about 3 dB in saturation for a strong pump and small signal [ Fig. 4(b) ], while a slightly higher level is found for a larger signal, for which the pump is more depleted and gain is somewhat reduced (Fig. 4(a) , lower line). Further, a true plateau is not reached when the pump and signal become comparable just after a short path in the fiber, such as for mW, W (Fig. 4(a) , upper line). In this case, gain compression is strong and the noise figure shows a substantial increase.
III. FOUR-WAVE-MIXING AMPLIFIERS
In the FWM parametric amplifier, four coupled equations determine the evolution of the amplitude of the pump fields ( and ), of the signal field ( ), and of the idler field ( ) [18] (11) In these equations, is a mean value of the nonlinear coefficient, i.e., an average taken on the optical frequencies of the various fields, is the wave-vector mismatch, and is the incident power at for the different fields.
The above equations have been solved by taking into account the pump depletion along the fiber, which is usually neglected. In Figs. 5 and 6 we report numerical results for different values of input power. Fig. 5 is for W pumps: this high value is required to get the same amplification levels as with the EDFA [19] , [20] , allowing a comparison of noise performances at comparable gain. A more practical mW pump value has been considered in Fig. 6 . Complete phase-matching ( ) has been assumed throughout.
Under the hypothesis of undepleted pump power, it has been reported [1] that the average signal photon number and the relative variance at the output of a parametric amplifier are given by (12) (13) where is the overall amplifier gain, is the input photon number of the signal, is the input photon number of the idler, is the input signal Fano factor, and is the input idler Fano factor. As in the case of the EDFA, (12) and (13) have been written for the unsaturated amplifier, so that the gain is approximately constant, and unitary bandwidth is assumed.
The above relationships hold for very weak idler (depleted idler approximation). Moreover, for (i.e., when the input idler is regular vacuum), it can be seen by inspection that (12) and (13) become coincident with (3) and (4), if one assumes . In other words, it can be recognized that (the idler input photon number) in the FWMA plays the same role as (the vacuum input photon number) in the EDFA. Consistently, it can be easily verified from (12) and (13) that the noise figure tends to the 3-dB limit value for large gain and no (i.e., empty) input idler. We investigate now the behavior of the noise figure by taking into account the pump depletion effect along the fiber. By calculating from (11) the signal gain as a function of the coordinate along the fiber we can obtain from (12) and (13) the expressions of the average signal photon number and its variance for an amplifier section of length at a distance from the input. Let us consider the important case in which the idler input is a regular vacuum (classically, no input idler), as often happens in practice. In this case, at the amplifier input, while becomes as the idler grows along the fiber. However, as it is well known, in a parametric amplifier, demolitive detection of one beam (e.g., the idler) does not modify the statistical properties of the other (the signal). Thus, as long as we are interested in the signal noise, we do not need to consider the idler propagation through the beamsplitter chain, and we can assume at each fiber section. Indeed, the evolution of the idler noise is of no concern if we plan to filter out this beam at the output, since it does not carry information. Efficient filtering can be performed since the two output beams are usually separated by wavelength or polarization. This is quite different from the case of the EDFA, where the spontaneous emission cannot be separated from the output signal at each section, not even in principle [21] .
Thus, with the assumption , it is evident that and are given again by (7) and (8), simply by taking at each section input. It follows that, from this point on, one can develop further analysis based on the guidelines of Section II. The results are summarized below.
First, we have compared the two approaches expressed by (9) and (10), rewritten for the FWMA. We have found, as expected, consistent results for the noise figure evolution, which are shown in Figs. 7 and 8 for two different pump and signal values. Then, as in the case of the EDFA, a model based on an "amplifying" beamsplitter cascade of Fig. 1(b) has been drawn. Since in the present case at all sections, it follows that the model of Fig. 1(b) can be simplified for FWMA by removing all the dotted blocks. By the way, it can be observed that the resulting model strictly resembles a Quantum Optical Tap cascade [22] , where, as it is well known, demolitive detection (i.e., detection by measuring the photon energy, such as direct detection by a photodiode) of the idler after each section would not modify the signal noise. This is consistent with our previous assumption of neglecting the idler propagation through the beamsplitter chain.
The results obtained by numerical calculations based on this model have been reported in Figs. 7 and 8 and are in agreement with the more direct approaches (9) and (10). Our predictions in the undepleted pump regime are also confirmed by previous theoretical and experimental works [1] - [4] ; however, by our method we have been able to predict noise propagation well inside the pump-depletion region. The diagrams of Figs. 7 and 8 report the noise figure evolution corresponding to the simulations of Figs. 5 and 6, which include also the first region of the pump amplitude oscillation (Fig. 6, solid line) . It is worth noting that such a regime is typical of FWMA, in which energy can be exchanged between the signal and the pump, as in a resonant circuit, while it is not found in the EDFA, where pump is absorbed by an inverted medium and the signal is amplified by stimulated emission of photons. Even in the FWMA, pump amplitude oscillation is not usually considered in view of amplification, but has been included here for the sake of completeness. From these diagrams can be taken the important conclusion, which has been also confirmed by other simulations, that for the FWMA the noise plateau is virtually unaffected by pump depletion, at least for technically significant values of parameters.
IV. CONCLUSIONS
For both the active fiber and the parametric amplifier, we have proposed semiclassical models for noise calculations, based on an "amplifying" beamsplitter cascade. This approach provides quick numerical evaluation of noise propagation even when the pump is significantly depleted, thus comprising all regimes of technical interest. The model has been validated by comparison with previously reported results, when available in literature, and by different theoretical analyses, based either on a noise figure combination or on direct calculation.
